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In this talk let us report a recent proof-theoretic reduction on
indescribable cardinals.

It is shown that over ZF + (V = L), the existence of a II;-
indescribable cardinal is proof-theoretically reducible to iterations
of Mostowski collapsings and Mahlo operations. The same holds
for TT),, ;-indescribable cardinals and TT)-indescribabilities.
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1 Indescribable cardinals

Consider the language {€, R} with a unary predicate symbol R.
[T} denotes the set of first-order formulas in the language {€, R},
and H,,ll the set of second-order formulas VX1dX, - - QX,, ©.

Definition 1.1 [Hanf-Scott61]

For n > 0, a cardinal & is said to be II!-indescribable iff for
any A C V, and any IIl'-sentence ¢(R), if Vi, = ©[A], then
Vo E olANV,| for some a < k.

Definition 1.2 S C Ord is said to be II! -indescribable in k iff
for any A C V, and any IIl-sentence p(R), if V,, &= ¢[A], then
Vo E lANV,] for some o € SN k.
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Facts.

1. A cardinal is inaccessible(, i.e., regular and strong limit) iff it
is [1}-indescribable.

2. For regular uncountable s, S is IIj-indescribable in « iff S
is stationary in s, i.e., S meets every club (closed and un-
bounded) subset of k.

3. [Hanf-Scott61] A cardinal is II}-indescribable iff it is weakly
compact, 1.e., inaccessible and has the tree property:.

By definition, k has the tree property it every tree of height s
whose levels have size less than x has a branch of length k.



Let Rg denote the class of regular uncountable cardinals, and

S C Ord.
Definition 1.3 (Mahlo operation)

My(S) = {o € Rg : S is stationary in o}
= {0 € Rg: S is Ilj-indescribable in o}

Definition 1.4 For n > 0,
M,(S) := {0 € Rg : S is II}-indescribable in o}.



Lemma 1.5
M, 1(Ord) O M,(S) C M, (M,(S)).

Namely if x is a IT}_ -indescribable cardinal and S C Ord is
[T} -indescribable in &, then M, (S) is II}-indescribable in .

Proof. This follows from the fact that there exists a IT} | ;-sentence

my,(S) such that k € M, (.5) it V, &= m,,(.S), which in turn follows

from the existence of a universal I1}-formula. ]
Hence if Kk € M,,,1(Ord) = M, , then

k € M,(M,(Ord)) = M2, M3,... .M (o < k), M>, ...
Me.

where kK € M> & Kk € ()

<K
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Actually Lemma 1.5 characterizes, over V' = L, the weak com-
pactness of regular uncountable cardinals k.

Theorem 1.6 |Jensen72| Assume V' = L. For regular uncount-
able cardinals &,

k€ M| < VS Cklk € My(S) — RgN My(S)N kK # (]
& VS C K[k € My(S) — K € My(My(S))]

Theorem 1.7 |Bagaria-Magidor-Sakaioo] Assume V' = L. For
[T} -indescribable cardinals k € M},

ke M, | & VS Cklke€ M/(S)— M, N M,(S)N kK (]
& VS Cklk € My(S) — k€ M,(My,(S))]



Definition 1.8 Let k be a regular uncountable cardinal.
1. S is (—1)-stationary in k iff SNk is unbounded in k.

2. X\ is 1L | -indescribable iff X is a limit ordinal.

3. For n > 0, S is n-stationary in k iff S meets every n-club
subset of k.

4. Cis (n+1)-club in k iff
(a) C is n-stationary in x, and

(b) if C' is n-stationary in II!-indescribable A <k , then X\ €
C.



Let Mg denotes the class of inaccessible cardinals.

Proposition 1.9 [Bagaria-Magidor-Sakaioc]
Forn >0 and k € M,

k € M,(S) iff S is n-stationary in k.

Corollary 1.10 |Bagaria-Magidor-Sakaioo| Assume V' = L. For
n>0and Kk € M}, kK € M}, iff

VS C k|S is n-stationary in Kk =
I\ € M N k(S is n-stationary in \)]
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2 Reduction of II},_,-indescribability

We now ask:

How far can we iterate the operation M,, of IT!-indescribability
in [T} -indescribable cardinals?

Or proof-theoretically:

Over ZF(ZF+(V=L)), the existence of a I , ;-indescribable
cardinal is reducible to iterations of M,,7
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Let <® be a A-predicate such that for any transitive and well-
founded model V' of KPw, <® is a canonical well ordering of type
£141 for the order type I of the class Ord of ordinals in V.

[ will show that the assumption of the ITy, ;-indescribability is
proof-theoretically reducible to iterations of an operation along
initial segments of <* over ZF+(V=L). The operation is a mix-
ture MhS;,[0] of the operation My of IT-indescribability and
Mostowski collapsings.

To define the class M h%; ,|©], we need first to introduce ordinals
for analyzing ZF+(V=L) proof-theoretically in [Aoccl].

Let I be a weakly inaccessible cardinal, and Lj the set of con-
structible sets of L-rank< I.
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2.1 Skolem hulls and ZF+(V=L)-provable countable ordinals

Definition 2.1 For X C L;, Hully (X) denotes the ¥, -Skolem
hull of X in L;. a € Hully, (X) < {a} € /(X)) (a € L;).

Definition 2.2 (Mostowski collapsing function F')
By the Condensation Lemma we have an isomorphism (Mostowski
collapsing function)

F : Hullg, (X) < L,

for an ordinal v < I such that F'[Y =1d[Y for any transitive
Y C HUHEn(X)
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Though I € dom(F) = Hullg (X) write
F(I):=~.
Let us denote the isomorphism F on Hully (X) « L. by Fy".

Given an integer n, let us define a Skolem hull ‘H, ,(X) and
ordinals U, ,a (regular k < ) simultaneously by recursion on
« < €741, the next e-number above 1.
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Definition 2.3 H, ,(X) is a Skolem hull of {0, 7} U X under
the functions +, a +— w®, U, , [ (regular Kk < T),
the Xi,-definability:

Y — Hully, (Y N 1)

and the Mostowski collapsing functions

(2= Uy,y,0) = F,l o (6) (5 € RgNI), (z = Uy, 6) — F,(8).
For v < [
U i =min{f8 < k: Kk € Hon(B)&Han(B) Nk C B}

For each o < €741, ZF+(V = L) F ¥, ,a < k.
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Theorem 2.4 ([Aocol])
For a sentence dx < wq ¢(x) with a first-order formula p(z), if

F+(V=L)Fdx <w o)
then
In < w[ZF+ (V= L) F dz <V, yw,(I + D)p(x)].
Thus the countable ordinal
Uyere1r =sup{Vy, nwn(l +1) :n < w}
is the limit of ZF + (V' = L)-provably countable ordinals.
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Our proof of Theorem 2.4 is based on ordinal analysis(cut-
elimination in terms of operator controlled derivations in |Buchholz92])
and the following observation.

Proposition 2.5 Let w < a < £ < [ with a a multiplicative

principal number. Then L; = a < cf(k) iff there exists an
ordinal 8 between o and k such that

Hully, (BU{r}) Nk C B( & B = Fyl (k) and Fy!

5U{/~@}([) < K.
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2.2 The class Mhg,[©]

In what follows C denotes a IT}, +-Indescribable cardinal, and I the
least weakly inaccessible cardinal above K. The operator H,, ,,(X)
is defined as above augmented with K € H, ,(X).

In the following definition, o can be much larger than .

Definition 2.6 Let a < €741, © Cypyp (K+1) and K > 7 be
regular uncountable. Then 7 € Mhg; (O] iff

Hon(m)NK Cm&a € Hy,nlO|(7)
& V€ € HenlO U {r})(m) Nafr € My(Mhy,[6 U {7}])
Roughly {7} in £ € He,[© U {7}|(7) allows to define £ from the

pomnt 7.
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For the case N = 1, i.e., IIi-indescribable cardinal &, let us
examine the strength of the assumptions IC € M h’&f{ o).

M“(a < K7T) denotes the set of a-weakly Mahlo cardinals
defined as follows. MY := Rg N K, M = My(M®*), M* =
(W Mo(M®) : a < A} for limit ordinals A with ¢f(A) < K, and
M?* == AN{My(M?) : i < K} for limit ordinals A with ¢f(\) = K,
where sup,_x A; = A and the sequence {\; };<ic is chosen so that
1t 1s the <;-minimal such sequence.

In the last case for 7 < K, 7 € M* & Vi < w(m € My(M™N)).
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Proposition 2.7 For n > 1 and ¢ < IC, the followings are
provable in ZF + (V = L).

1.lfoe®, me Mhg,[©]No, and o € Hullg, ({0,007} Um) N
o, then m € M*“.

2.1f o € th;[@], then Vo < o7 (0 € My(M?)), ie., o is a
ereatly Mahlo cardinal in the sense of
Baumgartner-Taylor-Wagon77].

3. The class of the greatly Mahlo cardinals below /C is stationary
in K if K € Mhg,'[0].

Proof. 2.7.3 follows from 2.7.2.
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Proof.
2.7.1 by induction on o« < o*, show

Ifo €06, me Mhi,[©)No, and a € Hully,({o,0"} U
m) N o™, then m € M?.

272 Ifo € th;[@], then Voo < o™ (0 € My(M®)).

Suppose da < ot (0 & My(M®)). Let a < o™ be the minimal
such ordinal, and C be a club subset of o such that C N M® =
0. a € Hully,{o,07}) No™ C Hanl® U {c}](c) No™. By
o € th;[@] we have o € My(Mhg,[© U {c}]). Pickam €
C N Mhg,|©U{c}] No. Proposition 2.7.1 yields 7 € M“. A
contradiction. W
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Theorem 2.8 (|[Aco3|, [Acod])
1. For each n < w,

ZF+(V = L)+(K is [T} -indescribable) - K € th”(Hl)[@].

2. For any X, ,-sentences ¢, if
ZF + (V = L) + (K is IT}, , ;-indescribable) I "%
then we can find an n < w such that

ZF + (V = L) + (K € MRV0) 1 pte.
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Our proof of Theorem 2.8 is build on [Aco1] with Corollary 1.10
and ordinal analysis in [Rathjen94].

Over ZF + (V = L) with K € My, the IT},, ;-indescribability of
K is codified using the L-least counter example S' € Hully, ({/C, K7})
to the I}, ;-indescribability of AC.

=T, -8, K) FT,Vpe MynK[TN (S, p)
=T

where 7V(5, p) says that S is N-thin(non-stationary)
™(8, p) =& 3C C p[(C is N-club)’ A (SN C = 0)]

Proposition 2.9 Let A be a Il}, ;-sentence, and m € My(X).
[f VA e X Nn|Ly | A], then L, = A.

(Ref;@
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