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Real Function Complexity

Function f:[0,1]→� computablecomputable

if some TM can, on input of n∈� and of

(am)⊆� with |x-am/2m+1|<2-m 

output b∈� with |f(x)-b/2n+1|<2-n.

in timein time tt((nn))
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Examples: a)  ++, , ××, , expexp
b) ff((xx))≡≡∑∑nn∈∈LL 44--nn iff LL⊆⊆{{ 00,,11}} * * decidable

in timein time tt((nn))

ObservationObservation i) i) IfIf ƒƒ computablecomputable ⇒⇒ continuouscontinuous..

ii) ii) IfIf ff computablecomputable in in timetime tt((nn)), , thenthen

tt((nn+2)+2) isis a a modulusmodulus of uniform of uniform continuitycontinuity of of ff..

�n := { k/2n : k∈� },  � =     n �n dyadicrationals

=:ρdy-name 

on [0;1]!polytime

polytime-

c) 1/1/ln(eln(e//xx)) not polytime-computablec) signsign, , HeavisideHeaviside not computable

≡ ρsdpp
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Example b): Given real symmetric d×d
matrix A, find an eigenvector:

but computable when knowing Card σ(A) [Z+B'04]

canonicalcanonical C++ C++ 

declarationdeclaration//interfaceinterface

x

3 Effects in Real Complexity

� Consider multivalued 'functions'

� additional discrete data ('enrichment').

sign(x)
Example a): Tests for in-
/equality are undecidable

incomputable;

with

Example c1): expexpnot computable on entire �,

c2) Evaluation (ƒ,x)→ƒ(x) is not computable
in time depending only on output precision n.

�parameterized real complexity

ε·

�
cos(1/ε) sin(1/ε)

sin(1/ε) − cos(1/ε)

�

not
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Nonuniform Complexity of Operators

ƒ:[0;1]→[0;1] polytime computable (⇒ continuous)

• Max: Max: ƒƒ →→ Max(Max(ƒƒ): ): xx →→ maxmax{ { ƒƒ((tt): ): tt≤≤xx}}
Max(Max(ƒƒ)) computable in exponential time;

polytime-computable iff P=NP

• ∫∫: : ƒƒ →→ ∫ƒ∫ƒ: : xx →→ ∫∫00
xx ƒƒ((tt) ) dtdt

∫ƒ∫ƒ computable in exponential time;

"#P-complete"

• dsolvedsolve: C[0;1]: C[0;1]××[[ --1;1] 1;1]  ∋ ∋ ƒƒ →→ zz:   :   żż((tt)=)=ƒƒ((tt,,zz),  ),  zz(0)=0(0)=0.
� in general no computable solution zz((tt))
� for ƒ∈ƒ∈CC11 "PSPACE-complete"

� for ƒ∈ƒ∈CCkk "CH-hard"

even when
restricting
to ƒ∈ƒ∈CC∞∞

butbut forfor
analyticanalytic ƒƒƒƒƒƒƒƒ
polytimepolytime
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Negativistic !!Negativistic !!

Phase transition Phase transition CCωωωωωωωω→→→→→→→→CC∞∞∞∞∞∞∞∞
Positivistic !!Positivistic !!
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ddnn//dxdxnn φφ((CC··xx--zz)/)/CC

NPNP ∋∋ LL = = {{ xx∈∈{0,1}{0,1} nn || ∃ ∃yy∈∈{0,1}{0,1} pp((nn)): : 〈〈xx,,yy〉∈〉∈VV }}

nn--thth large large intervalinterval: : sizesize22--nn,,
containingcontaining22nn subintervalssubintervals: : oneoneforfor eacheachxx∈∈{0,1}{0,1} nn,,
in turn in turn subdividedsubdividedintointo 22pp((nn)) subsubintervalssubsubintervalsforfor yy's's

nn=1=1nn=2=2
xx=0=0 xx=1=1

xx==
0000 0101 1010 1111

yy=000,001,=000,001,…… yy=000,001,=000,001,……

11

½½

¼¼

C∞ 'pulse' function

φφ((tt) = ) = exp(exp(--tt²²/1/1--tt²²), |), |tt|<1|<1

too, uniformly in C,z
≤≤ ??

〈〈xx,,yy〉∈〉∈VV

〈〈xx,,yy〉∉〉∉VV

To To everyevery LL∈∈NPNP therethere existsexists a a polytimepolytime

computablecomputable CC∞∞ functionfunction ffLL:[0,1]:[0,1]→→�� s.t.:s.t.:

[0,1][0,1]∋∋yy→→max max ffLL||[0,[0,yy]] polytimepolytime iffiff LL∈∈PP
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'Max is NPNPNPNP-hard'

From NP-hard to polytime 
from smooth to analyticincomputableincomputable [ZhWe'01][ZhWe'01]

vivi) ) MaxMaxv) v) antianti--derivativederivative,,

binarybinary
unaryunary

• tail bound |∑j≥N cj zj| ≤ C·(|z|/r)N/(1-|z|/r)

Representing Power Series

∑j cj zj • radius of convergence R=1/limsupj |cj|
1/j

• to 0<r<R exist C∈�: |cj|≤C/rj

Complexity uniform in |z|≤1:
Convergence degrades es as r→1; quantitatively?

Theorem 1: Represent series ∑j cj zj with R>1
as [a (ρdy)

ω-name of]  (cj) and K,C∈� as above.

The following are uniformly computable in time 

polyn. in n+K+ log(C): 

(i.e. R>1)

iii) iii) productproduct,,ii) ii) sumsum,,

iviv) ) derivativederivative,,

• � ∋ K :≥ 1/log(r) = Θ(1/(r-1))

i) i) evaleval,,

11

rrRR

(Cauchy-Hadamard)

parametrizedparametrized runningrunning timetime
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Must 'skip' over 2n entries to accessaccess ƒ(2-n) 

Parameterized Real Complexity

• Classical complexity theory:

worst-case over all inputs of length n as parameter

• parametrized complexity (FPT etc): 2 param.s (n,k)

∈∈[0;1][0;1] compactcompact!!

• Real operator/functional Λ: encode input ƒ∈Lip[0;1]

• as values on dense sequence

• and Lipschitz constant ℓ∈� as discrete data & advice

• Complexity of a single real: n = output precision

• of a real function ƒ: n = output precision

in worst-case over all arguments x
• or parameterized – e.g. in k= |x| or k= log |x|

0,1,½,¼,¾,⅛,⅜,⅝,...=:�

• TTE: encode x as infinite binary sequence, length=∞

• x=(xj) real sequence: accessaccess time polynom. in n+j
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2nd Order Representations

Meta-Def: representation of G is a surject. γ:⊆2ω →G

Must 'skip' over 2n entries to accessaccess ƒ(2-n) 

• Real operator/functional Λ: encode input ƒ∈Lip[0;1]

• as values on dense sequence

• and Lipschitz constant ℓ∈� as discrete data & advice

0,1,½,¼,¾,⅛,⅜,⅝,...=:�

• TTE: encode x as infinite binary sequence, length=∞

• x=(xj) real sequence: accessaccess time polynom. in n+j

Γ-name Z:{0,1}*→{0,1}*
communic. via oracle

access time= access time= 
input lengthinput length

γ-name z:1*→{0,1}
communic. on tape 

Kawamura&Cook'10 generalize to surject. Γ:⊆ωω →G,

dom(Γ) ⊆ LM := { Z:{0,1}*→{0,1}*,  |Z(u)|≤|Z(v)|  ∀|u|≤|v| }
⇒ extend from sequential to (realistic) random access
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Meta-Def: representation of G is a surject. γ:⊆2ω →G

KK:=|:=|ZZ|:|:��→→��, |, |uu||→→||ZZ((uu)|)| wellwell--defineddefined

• Consider 2nd order representation of 

C[0;1] s.t. steep functions have long names

• Permit 2nd order polynomial running times P(n,K)
⇒ closed under (both kinds of) composition,
generalizes (parameterized) 1st order polynom. time

'Long' names Z require much time to even read

‒ cmp. evaluation of 'steep' real functions…

term over
�,+,×,n,K()

Γ-name Z:{0,1}*→{0,1}*
communic. via oracle

access time= access time= 
input lengthinput length

γ-name z:1*→{0,1}
communic. on tape 

Kawamura&Cook'10 generalize to surject. Γ:⊆ωω →G,

dom(Γ) ⊆ LM := { Z:{0,1}*→{0,1}*,  |Z(u)|≤|Z(v)|  ∀|u|≤|v| }
⇒ extend from sequential to (realistic) random access

2nd Order Polyn.s & Time
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2nd order 2nd order representationrepresentation

unary

1/L

1
/L

U

Real Analytic Functions on [0,1]

Definition: Cω[-1,1] := { f:[-1;1]→� restriction of 

complex differentiable g:U→�, [0,1]⊆U⊆� open }

∑j cj,m·(z-xm)j, m=1…M 

Equivalent: f∈C∞[-1;1] and ∃k∈� ∀j:  ||f(j)|| ≤ 2k·kj·j!

Equiv.: f finitely many local power series on [-1;1]

• real sequence f(�)
• L∈� unary: RL ⊆ U
• G∈� binary ∀z∈RL: |g'(z)|≤G

• real sequence f(�) and k∈� unary

Cm,Km∈�: |cj,m|≤Cm/2j/Kmbinary

RL := {x+iy: |y| ≤ 1/L, -1/L ≤ x ≤ 1+1/L }

Theorem 2:Theorem 2: These These 

areare mutuallymutually 22ndnd ord.ord.

polytimepolytime equivalentequivalent

Theorem 3:Theorem 3: On On CCωω[0,1][0,1], , i) i) evaleval ii) ii) sumsum …… vivi) ) maxmax
areare computablecomputable withwithinin parameterizedparameterized polynpolyn. time. time

From NP-hard to polytime 
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Overview
� Complexity of real functions

� Non-uniform complexity of real operators:

� NP-hard on C∞, polytime on analytic (=Cω)

� Enrichment rendering power series computable

� in parameterized polynomial time.

� 2nd order representation rendering computable

� real analytic functions in 2nd order polytime.

� Gevrey's function hierarchy between Cω and C∞

� and 2nd order representations with complexity.
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Gevrey's Function Hierarchy

Definition (Maurice Gevrey 1918, studying PDEs):

g∈Gℓk[-1;1] :⇔ ∀j: ||g(j)|| ≤ 2k·kj·jj·ℓ

Example: The following g is
not analytic but in G3[-1;1]

G1=Cω

Labhalla&Lombardi&Moutai 2001: 

⇒ g∈G2ℓ-1[-1;1]

Equivalent: f∈C∞[-1;1] and ∃k∈� ∀j:  ||f(j)|| ≤ 2k·kj·j!

• real sequence f(�) and unary mapping �∋n→k+nℓ

• sequence pn∈�[X] with deg(pn)<B·nℓ ||g-pn||≤2-n
⇒ ∃B ∀n  ∃p∈�[X]: deg(p)<B·nℓ ||g-p||≤2-n

• real sequence f(�) and k∈� unary

2nd order repr.
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• real sequence f(�) and unary mapping �∋n→k+nℓ

Uniform Complexity
on Gevrey's Hierarchy

Definition (Maurice Gevrey 1918, studying PDEs):

g∈Gℓk[-1;1] :⇔ ∀j: ||g(j)|| ≤ 2k·kj·jj·ℓ

• sequence pn∈�[X] with deg(pn)<B·nℓ ||g-pn||≤2-n
⇒ ∃B ∀n  ∃p∈�[X]: deg(p)<B·nℓ ||g-p||≤2-n

2nd order repr.

Theorem 4 (our main result):

a) Both 2nd order representations of  k,ℓ G
ℓ
k

are 2nd order polynomial-time equivalent and

b) render i) eval, ii) sum, … iv) d/dx, v)  ∫, vi) max
computable within time polynomial in (k+n)poly(ℓ)

c) Given f(�), maxon Gℓ1 requires time Ω(nℓ).
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Conclusion and Perspectives

• Max and ∫ are nonuniformly NP-hard on C∞[-1;1]
• but nonunif. polytime on Cω[-1;1], i.e. analytic f.

TodayToday: : uniformuniform computabilitycomputability and and parameterizedparameterized

complexitycomplexity of of operatorsoperators on on Gevrey'sGevrey's hierarchyhierarchy GGℓℓ

climbingclimbing fromfrom CCωω to to CC∞∞ withwith optimaloptimal runtimeruntime nnpoly(poly(ℓℓ))

Theorem 4 (our main result):

a) Both 2nd order representations of  k,ℓ G
ℓ
k

are 2nd order polynomial-time equivalent and

b) render i) eval, ii) sum, … iv) d/dx, v)  ∫, vi) max
computable within time polynomial in (k+n)poly(ℓ)

c) Given f(�), maxon Gℓ1 requires time Ω(nℓ).

1st 
order
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Conclusion and Perspectives

• Max and ∫ are nonuniformly NP-hard on C∞[-1;1]
• but nonunif. polytime on Cω[-1;1], i.e. analytic f.

TodayToday: : uniformuniform computabilitycomputability and and parameterizedparameterized

complexitycomplexity of of operatorsoperators on on Gevrey'sGevrey's hierarchyhierarchy GGℓℓ

climbingclimbing fromfrom CCωω to to CC∞∞ withwith optimaloptimal runtimeruntime nnpoly(poly(ℓℓ))

• Actually implement and evaluate 
these algorithms (iRRAM)

• Quantitatively refine the 
upper complexity bounds

• Multivariate case?


