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An Example

Let’s consider the ”Rock-Paper-Scissor” game.

A play of this game can be depicted as follows:

Player I : Rock Paper Rock . . .
Player II : Rock Paper Rock . . .

In this game, if one of them wins, the play stops and

the pay-off of player I is 1 if player I wins,

the pay-off of player I is 0 if player II wins,

the pay-off of player I is 1
2 if they draw.
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The contents of interest

Lower value and upper value:

Lower value: The smallest upper bound on the payoff that
player I can guarantee.

Upper value: The largest lower bound on the restrictions
player II can put on player I’s payoff.

The lower value of ”Rock-Paper-Scissor”:
1

3
,

The upper value of ”Rock-Paper-Scissor”:
1

3
.

Determinacy:

The lower value equals the upper value.
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Blackwell Games

Here, we introduce Blackwell games in a slight extended form.

Definition

A Blackwell game is a tuple B = ((Xi )i∈N, (Yi )i∈N, f ), where

Xi ’s and Yi ’s are finite nonempty sets,

f : W → [0, 1] is a function called payoff function, where
W =

∏∞
i=0(Xi × Yi ).
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A play w =< (x0, y0), (x1, y1), · · · > of B can be depicted as
follows:

Player I : x0 x1 x2 . . . xi . . .
Player II : y0 y1 y2 . . . yi . . .

In this game, for each round i ∈ N, player I selects xi ∈ Xi and
player II selects yi ∈ Yi simultaneously. We call f (w) the pay-off
of player I for a play w .

If Xi = X and Yi = Y for each i , we denote
B = ((Xi )i∈N, (Yi )i∈N, f ) by (X , Y , f ).
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Notations

p is a finite prefix of a play, called a position.

P denotes the set of all positions.

[p] denotes the set {w | p ≺ w} of all plays hitting p.

p|i denotes the prefix of p of length i .

D(X ) is the set of all probability distributions on X .
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Strategy and Probability measure

Definition (Mixed strategy)

A strategy for player I is a function σ assigning to each position
p ∈

⋃∞
n=0

∏
i<n(Xi × Yi ) a probability distribution on Xlh(p).

Similarly, we can define the mixed strategy τ for player II.

Definition (Probability measure)

For a strategy profile (σ, τ) of B, µσ,τ denotes the probability
measure on W determined by

µσ,τ ([p]) =
∏
i<n

(
σ(p|i )(xi ) · τ(p|i )(yi )

)
,

for any position p =< (x0, y0), . . . , (xn−1, yn−1) >∈ P.
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Lower value and upper value

If player I plays according to σ and player II plays according to τ ,
we can define the lower expected pay-off of player I at σ, τ :

E−σ,τ (f ) = sup
g≤f , g :measurable

∫
g(w)dµσ,τ (w),

and upper expected pay-off at σ, τ :

E+
σ,τ (f ) = inf

g≥f , g :measurable

∫
g(w)dµσ,τ (w).

Lower value and upper value are defined as follows:

val↓(B) = sup
σ

inf
τ

E−σ,τ (f );

val↑(B) = inf
τ

sup
σ

E+
σ,τ (f ).
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Determinacy results

A Blackwell game B is determined if val↓(B) = val↑(B).

Theorem (AD ⇒ AD-BL, Martin 98)

Assuming the Axiom of Determinacy, every Blackwell game is
determined.

Corollary (ZFC)

Every Borel Blackwell game is determined.
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Blackwell games with constraints

Let B = (X , Y , f ) be a Blackwell game.

SI denotes the set of strategies for player I,

and SII denotes the set of strategies for player II.

Definition

If CI ⊆ SI and CII ⊆ SII are nonempty, we call B = (X , Y , f ) with
CI and CII the Blackwell game with constraints, say B(f ; CI , CII ).

With respect to ordinary Blackwell games, we can also define the
lower and upper values of Blackwell games with constraints as
follows:

val↓(B(f ; CI , CII )) = sup
σ∈CI

inf
τ∈CII

Eσ,τ (f )

val↑(B(f ; CI , CII )) = inf
τ∈CII

sup
σ∈CI

Eσ,τ (f )
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A Blackwell game with constraints B(f ; CI , CII ) is determined if
val↓(B(f ; CI , CII )) = val↑(B(f ; CI , CII )).

Fact

Even for finite sets CI and CII , there exists a case
val↑(B(f ; CI , CII )) 6= val↓(B(f ; CI , CII )).

We would like to know when the Blackwell game with constraints
is determined.
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Blackwell games with a Constraint Function

Definition

A Blackwell game with a constraint function is a quintuple
B = (X , Y , f , g , m), where

(X , Y , f ) is Blackwell game,

g : N → (X ∪ Y → [0,∞) is called a constraint function,

m > 0.

B = (X , Y , f , g , m) is the same as B(f ; C g ,m
I , C g ,m

II ) where

C g ,m
I = {σ ∈ SI : ∀p,

∑
x∈X g(lh(p))(x)σ(p)(x) ≤ m},

C g ,m
II = {τ ∈ SII : ∀p,

∑
y∈Y g(lh(p))(y)τ(p)(y) ≤ m}.
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Determinacy result

Definition

A Blackwell game with a constraint function is determined if

(C g ,m
I 6= φ and C g ,m

II 6= φ) ⇒

sup
σ∈Cg,m

I

inf
τ∈Cg,m

II

E−σ,τ (f ) = inf
τ∈Cg,m

II

sup
σ∈Cg,m

I

E+
σ,τ (f ).
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Theorem (Main Theorem)

Assuming AD, every Blackwell game with a constraint function is
determined.

Theorem (ZFC)

Every Borel Blackwell game with a constraint function is
determined.
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Idea of Proof. We will only show the case of one-round games.
Let B = ({a1, · · · , ak}, {b1, · · · , bl}, f , g , m) be a one-round
Blackwell game with a constraint function. In this case, each
strategy for player I and II can be regarded as an element of [0, 1]k

and [0, 1]l , resp.
We can construct a one-round Blackwell game B ′ = (X ′, Y ′, F ) as
follows: Take X ′ and Y ′ as

{
∑

a∈X ′ raa ∈ [0, 1]k : 0 ≤ ra and
∑

a∈X ′ ra = 1} = C g ,m
I .

{
∑

b∈Y ′ rbb ∈ [0, 1]l : 0 ≤ rb and
∑

b∈Y ′ rb = 1} = C g ,m
II .

X ′ and Y ′ consists of affinely independent elements, that is,
the above representations of strategies are unique.

Define a function F : X ′ × Y ′ → [0, 1] by F (a, b) =
∫

f dµa,b.
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Then, we get a bijective transformation from strategies σ, τ of B
to strategies σ′ and τ ′ of B ′ such that

Eσ′,τ ′(F ) = Eσ,τ (f ).

So, supσ∈Cg,m
I

infτ∈Cg,m
II

Eσ,τ (f ) = supσ′ infτ ′Eσ′,τ ′(F ) etc.
By the determinacy of Borel Blackwell games, B is also determined.
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Example

Let B = (X , Y , f , g , m) be a Blackwell game with a constraint
function, where X = {x0, x1}, Y = {y0, y1} and m = 2. If we
assign the constraint function as g(x0) = g(y0) = g(y1) = 1 and
g(x1) = 3.

How to construct B ′:
For the given two player’s strategies σ and τ , by the assignment of
constraint function, then

(p, q) ∈ C g ,2
I ⇐⇒ (p, q) ∈ SI and p + 3q ≤ 2

and also

(p′, q′) ∈ C g ,2
II ⇐⇒ (p′, q′) ∈ S2 and p′ + q′ = 1.

Thus, C g ,2
I and C g ,2

II are shown by the red segments in the
following figures.
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We now construct a one-round Blackwell game B ′ = (X ′, Y ′, F ) as

follows: X ′ = {(1, 0), (
1

2
,
1

2
)}, and Y ′ = {(1, 0), (0, 1)}

such that

F (w) =



f (x0, y0) if w = ((1, 0), (1, 0)),

f (x0, y1) if w = ((1, 0), (0, 1)),

1
2 f (x0, y0) + 1

2 f (x1, y0) if w = (
1

2
,
1

2
), (1, 0)),

1
2 f (x0, y1) + 1

2 f (x1, y1) if w = (
1

2
,
1

2
), (0, 1)).

(1)
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Thank you very much!
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