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Juestion

1ot A B el

Suppose B is "more random than” A,

aMee A s randem:

Then, should B be "random”



Overview

® What is “random”? - Randomness hierarchy
What 1s “more random”™? - Reducibility

® (Consistent of for some pairs and not for others.

B 3-randomness via complexity



'Two measures of
randomness



Randomness hierarchy

[ 2-randomness ]

[ ML-ra:(jmness ]

[ Schnorr randomness ]

[ Kurtz randomness ]




MIl.-randomness

Theorem (Levin 1973, Schnorr 1973)
A set X € 2% is ML-random if and only if

Sevn FOE )i e



K-reducibility

Definition
Let A, B € 2%. A is K-reducible to B, denoted by A <k B,
if

RiA [ BB i) O]

Its intuitive meaning is that, A is more compressible than

B, that is, B is more random than A.



Observation
If A <g B and A is ML-random, then B is ML-random.



'Two measures of randomness

® Randomness hierarchy

B K-reducibility

B Are there consistent with each other?

® (Can we think K-reducibility as a refinement ot the
randomness hierarchy?



Inconsistency

Theorem (Theorem 7.4.11 in Nies’ book)
There exists a computably random set X such that, for every
computable order h, we have K(X [ n | n) < h(n) + O(1).

Observation
Consider X above and a ML-random real Y. Then, X <g

Y @& () and X is Schnorr random, but Y & 0 is not Schnorr

random.



Consistency

Definition

We say that a reducibility <, is consistent with a random-

ness notion R if the following statement holds: For all sets

Aand B,if A<, Band A€ R, then B € 'R.

Observation
< 1s consistent with ML-randomness, but not consistent

with Schnorr randomness or Kurtz randomness.
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Schnorr reducibility 1s
consistent with
?-randomness



Schnorr randomness

Definition (Downey and Griffiths)

A computable measure machine is a prefix-free machine M

such that 2-171 is a computable real.
ocedom (M)

Theorem (Downey and Griffiths)
A set A € 2 is Schnorr random if and only if Ky (A [ n) >
n — O(1) for every c.xm.m. M.



Schnorr reducibility

Definition (Downey and Griffiths)

A <g.n B if, for every c.m.m. M, there exists a cm.m. N

stich that

Kny(ATn)< Ky(Bln)+O(1).



Theorem (Miller)

A is 2-randomness if and only if
Al ) e 4 el = 0L

for infinitely many n.

Question

A is 2-randomness if and only if, for every c.m.m. M,
Ky(A T n) >n+77(n) — O(1)

for infinitely many n.



Qum (o) = p([{7 :

Theorem (Coding theorem)

M(r) 4= o}])

K (o) = —log Q(o).

Definition

Ry (n) = —log p([{r

Theorem (M.)




Extended counting theorem

Theorem (Counting theorem)
e lol=nAK(o) sn+Km) —r} <20 1
Theorem (Extended counting theorem, M.)

‘{O’ : ‘O" = TL/\KM(O') = n_I_R}W(n) b 70}| < 271—7“—|—O(1)



?-randomness via c.m.m.

Theorem (M.)

X 1s 2-random if and only if, for every c.m.m. M, we have
Gk o) =2 5 o) — 00

for infinitely many n.

Corollary
Schnorr reducibility is consistent with 2-randomness (and

thus so is dm-reducibility).



3-randomness via
complexity



Motivation

® Schnorr reducibility and n-randomness?

® 2-randomness version of vlL.-reducibility!!



Theorem (Miller and Yu)
X & Z is ML-random if and only if

KX (ZIn)>(Zn)+n-0(Q)



Theorem (M.)
pi@isi 27 random if and only if C{(X | (Z | n)) > Z1]
n — O(1) for infinitely many n.

Corollary (M.)
X is 3-random if and only if C(X [ (2 [n)) > Q [ n—0O(1)

for infinitely many n.

Theorem (M.)
P8 7 is 2-random if and only if K(X [ (Z | n)) = (Z1]
n)+n+ K(n) — O(1) for infinitely many n.



Summary

B Weak reducibilities are consistent with strong randomness
notions.

B Complexity of a set can be measured by the set of
lengths where the complexities are maximal.

® [s Schnorr reducibility consistent with n-randomness?

® [s Schnorr reducibility consistent with ML-randomness?



